The mass spectrum and the eigenstates of the Higgs sector of the minimal 3 3 1 model are revisited in detail. There are discrepancies between our results and previous results by another author.
Introduction
At present, most high energy physicists recognize the great success of the Standard Model (SM) of electroweak and strong interactions. However, according to our present knowledge, the model is able to describe only the phenomenology at low energy below 200 GeV. In addition, one of the basic elements of the model is still an open problem, namely, the observation of the Higgs boson. Hence the mechanism for electroweak symmetry breaking is, in some way, still a mystery. The scalar sector plays an important role in many subjects of physics, and one of the most urgent problems in high energy physics is the search for the Higgs bosons. The scalar sector has been thoroughly studied not only in the SM framework but also in its various extensions. The models based on the SU(3) C ⊗ SU(3) L ⊗ U(1) N (3 3 1) gauge group [1] [2] [3] [4] [5] [6] is one of the most interesting extensions. These models have the following intriguing features: firstly, the models are anomaly free only if the number of families N is a multiple of three. Further, from the condition of QCD asymptotic freedom, which is valid only if the number of quark families is to be less than five, it follows that N is equal to 3. The second characteristic is that the Peccei-Quinn (PQ) [7] symmetry -a solution of the strong CP problem naturally occurs in these models [8] . It is worth mentioning that the implementation of the PQ symmetry is usually possible only at classical level (it will be broken by the quantum corrections through instanton effects), and there has been a number of attempts to find models for solving the strong CP question. In these models the PQ symmetry following from the gauge invariant Lagrangian does not have to be imposed. The third interesting feature is that one of the quark families is treated differently from the other two. This could lead to a natural explanation for the unbalancing heavy top quarks, deviations of A b from the SM prediction etc. In addition, the models predict no very high new mass scales at the order of a few TeV [9] .
The scalar sector of the minimal 3 3 1 model was studied recently by Tonasse [10] . Three Higgs triplets were firstly analysed, then the sextet was added in a further consideration. Unfortunately, the last case -the three triplet and one sextet was presented so briefly such that the reader could hardly understand how it was obtained. Comparing with our results, besides some minor mistakes (misprints, we guess) in [10] , we also found several discrepancies in the multiplet structures and some of the conclusions, especially those from the graphic analysis. In the present paper, considering again the Higgs sector we correct and present the results in a systematic order so that they can be checked and used in further studies.
The Higgs potentials of the model, constraint equations and main notations are presented in section 2. Sec. 3 is devoted to solving the characteristic equations. Our results are summarised in the last section. The full expression of the potential with three triplets and one sextet is given in the Appendix A, while the results for the toy model -the three triplet model is presented in the Appendix B where we explain why our results differ from those obtained in [10] .
Higgs structure and potential
In the original version of the 3 3 1 model [1] the Higgs sector consists of three triplets
where the numbers in the brackets denote the quantum numbers under SU(3) C , SU(3) L and U(1) N respectively.
The most general (i.e., renormalizable and gauge invariant) SU(3) L ⊗U(1) N Higgs potential which we can write with the three triplets of the Eqs. (2.1) is given by It was found soon after that in this model not all of the leptons got a mass, and this problem was solved by adding to the scalar sector a sextet [2] 
To avoid unwanted terms which make the analysis of the Higgs sector more complicated and lead to nonzero Majorana neutrino masses, a discrete symmetry should be imposed (for details, see [2] ). Thus, we have additional terms in the Higgs potential in Eq. (2.2). The new (modified) potential is
where V T is given in Eq. (2.2). Let the neutral scalars η 0 , ρ 0 , χ 0 , and σ 0 2 develop real vacuum expectation values (VEV's) v, u, w and v ′ , respectively. (The CP-phenomenology arising from complex vevs in the 331 models has been inverstigated in [11] ). We rewrite the expansion of the scalar fields 
Following [12] we call a real part ξ scalar and an imaginary one ζ -pseudoscalar. The pattern of the symmetry breaking is
and the VEV's are related to the standard model one (v W ) as
At the first step of symmetry breaking, the large χ will generate masses for exotic quarks and new heavy gauge bosons Z ′ , X ±± , Y ± . The subsequent breaking of SU(2) L ⊗U(1) is accomplished with nonzero values of ρ and η , such that t, s and d aquire masses proportional to the former, while b, c, and u aquire masses proportional to the latter.
To keep the model consistent with low-energy phenomenology, the VEV χ must be large enough. In this paper we will use the following assumption: VEV of the Higgs field at the first step of symmetry breaking is assumed to be much larger than those at the second step, i.e.,
For further use we write
and the complete expression of V S is given in the Appendix A.
The requirement that in the shifted potential V S , the linear terms in fields must be absent, gives us the following constraint equations in the tree level approximation
Substituting Eqs. (2.1), (2.3), (2.5) and (2.6) into (2.2) and (2.4), and diagonalizing, we will get a mass spectrum of Higgs bosons with mixings.
3 Higgs eigenstates and mass spectrum 
In the ξ η , ξ ρ , ξ σ and ξ χ basis the square mass matrix, after imposing the constraints (2.9), reads as
With this matrix, it is difficult to get a clear physical meaning. As in [10] a meaningful approximation is to impose |f 1 |, |f 2 | ∼ w and to maintain only terms of the second order in w in Eq. (3.2) (This means that we are working in low-energy phenomenology). This procedure immediately gives us one physical field
with mass m 4) and the square mass matrix of ξ η , ξ ρ , ξ σ mixing
(3.5)
2 Here we keep the notations in [10] except the subscript 0 in eigenstates is omitted.
Solving the charateristic equation of the matrix (3.5) we get one massless field H 1 and two physical ones (H 2 , H 3 ) with masses
Here, in Figs since v ′ is given according to the constrain
From the Figures, it follows that u and v are bounded as follows: 0 < u, v ≤ 240 GeV. Fig. 1 shows that m H 2 increases when u and v tend to zero, while from Fig. 2 we see that m H 3 vanishes at u = 0 and increases when v tends to zero and this mass is quite small. Note that our graphic surfaces are obtained in the suggestion f 1 , f 2 ∼ −w only. Otherwise, either m 03 is undefined (in the case of f 1 and f 2 having different signs) or both m 02 and m 03 are undefined (in case both f 1 and f 2 are positive).
The characteristic equation corresponding to x 2,3 can be written in the compact form
where
To construct physical fields (eigenstates) we begin from the charateristic equation
where M 2 is the considered square mass matrix and
we have a system of three equations
It is known [13] that this system of equations is over defined and must be reduced to two equations, in our case, the first and the last. Let us drop the second equation, and suppose
where k(i) will be defined by the normalization of the states [13] .
From Eq. (3.10) we obtain
Combining Eqs. (3.12) and (3.14) we then find
It is easy to see that from the condition of normalization of the states H i , k(i) is found to be
Thus, we obtain finally a formula for the eigenstates of ξ η , ξ ρ , ξ σ mixing
It is not difficult to verify that H i given in (3.17) are orthogonal to each other.
In the massless approximation i = 1 (i.e., x 1 = 0) we immediately find
In the next approximation (the λ's are taken into account) the field H 1 acquires a mass.
Following [10] we solve the characteristic equation with the exact 3 × 3 mass matrix M 2 3ξ , and the H 1 associated with, namely
From system (3.19) we obtain the following formulas for the H 1 mass
From Eqs. (3.20) we can accept the following relation among coupling constants
and then the mass of
Thus, according to (3.3), (3.17) and (3.22), the eigenstates can be expressed as follows
Since the matrix 
It is clear that our results here, especially the matrix in Eq. (3.26), are different from and more transparent than those given by Eqs. (19a)-(23b) in [10] . In addition to this, the eigenstate corresponding to mass −4λ 3 w 2 is the scalar part of χ o , while in [10] 
With the approximation as mentioned above we obtain one Goldstone boson G 1 ≈ ζ χ and the ζ η , ζ ρ , ζ σ mixing
(3.29)
It can be checked that the characteristic equation in this case have the same roots, but a different set of the eigenstates (simply, make a replace
In the singly charged sector the mixing occurs in the set of η 
and
(3.33)
Applying the above approximation to M 
(3.35)
As before, the characteristic equation of (3.35) has the same roots, but the eigenstates are different and are given by (necessary replaces:
In the doubly charged sector the mixing occurs up all states ρ ++ , s ++ 2 , χ ++ , s ++ 1 , and the square mass matrix is given 
Solving the characteristic equation we get two physical fields
with masses
. (3.43) Let us summarize the particle content in the considered Higgs sector:
-in the neutral scalar sector physical fields are:
-in the neutral pseudoscalar sector, physical fields are: A 2 , A 3 , A σ and two Goldstone bosons: G 1 ≈ ζ χ and G 2 corresponding to the massless A 1 . Again, eigenstates in these sectors (singly and doubly charged) are different from those in [10] Combining conditions for consistency (3.21) and positiveness of the mass square the following bounds for coupling constants are followed
It is worth mentioning here that the last relation λ ≈ 2(2λ 10 + λ 11 ) was replaced by λ ≈ 4(2λ 10 + λ 11 ) in [10] (see Eq. (21) there).
Conclusion
In conclusion, we have considered in this paper the Higgs sector of the minimal 3 3 1 model in the condition |f 1 |, |f 2 | ∼ w ≫ v, u, v ′ . However, a consistent sign of f 2 is still under question: a positive m Other possibilities such as f 1 , f 2 ∼ v, u or v ′ cannot give us a simple solution. We do hope that further studies will justify this assumption.
It is to be mentioned that exposed in a more transparent way our results (eigenvalues and eigenstates) in the model of three triplets and one sextet, have some differences from those of the author of [10] . Our graphic surfaces give the conclusions, for example, 0 < u, v ≤ 240 GeV, quite different from those in [10] . However, there is a mass degeneracy in mass of scalar, pseudoscalar and singly charged Higgs fields with mass m H 3 relatively small.
In the toy model -the three triplet model, the unnatural condition v = u was removed. We hope that these differences will be examined in the future.
Note added : After submitting this paper for publication we have just been informed that some of our conclusions are in agreement with results in Ref. [11] .
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Appendix A
Here we give the full expression for the potential
In order to improve the approximation, as before, we search mass ofĤ 1 by solving the following equation
From Eq. (B.14) we get directly the following relations
Now we consider the pseudoscalar sector. In the ζ η , ζ ρ , ζ χ basis (which is also orthonormalized) M 
show that the massless states G 1 and G 2 (orthogonal to each other, of course) belong to a plane orthogonal to the vector (1/v, 1/u, 1/w) T which in turn is parallel to the massive state G 3 is a normalization coefficient.
A plane can be parametrized by two parameters, say, p and q. Putting (without losing generality)
Y G 1 = p , Z G 1 = q we get from (B.21)
(B.26)
The state G 2 orthogonal to G 1 and G 3 can be determined (up to a sign) as the vector product G 2 = G 3 × G 1 (B.27) written explicitly as Note that the role of G 1 and G 2 can be exchanged.
Formulae (B.23), (B.25) and (B.28) can be combined in a unique one as follows
where the matrix
is an orthogonal matrix SO(3) and has the explicit form 
